Abstract. The present note has three aims. First, to complement some of the theory of cofibrant generation of algebraic weak factorisation systems (awfss) to cover some important examples that are not locally presentable categories. Secondly, to prove that cofibrantly kz-generated awfss (a notion we define) are always lax idempotent (in the sense of Clementino and the author). Thirdly, to show that the two known methods of building lax orthogonal awfss, namely cofibrantly kz-generation and the method of "simple adjunctions", construct different awfss. We do so by exhibiting two examples: an awfs on the category of preorders whose fibrant objects are complete lattices, and one on the category of topological spaces whose fibrant objects are continuous lattices.
Introduction
Various aspects of cofibrant generation of algebraic weak factorisation systems -henceforth abbreviated awfss -on locally presentable categories were studied in [4] , encompassing a large family of examples that, however, do not reach some important ones, as those based on the category of topological spaces. The present note is an attempt to fill this gap in the literature. The article can be divided in to parts, the first, encompassing most of the article, that deals with cofibrant generation of awfss enriched over a base category V Ď Cat, and the second that looks at the case when V is the category of preorders.
Awfss were introduced by M. Grandis and W. Tholen in [12] , with latter contributions by R. Garner [11] , and, as the name indicates, they are an algebraisation of the more classical notion of a weak factorisation system -abbreviated wfss. A wfs consists of two classes of morphisms pL, Rq with the property that each morphism f can be written as f " r¨ℓ, with ℓ P L and r P R, and each r P R has the right lifting property with respect to each ℓ P L: for each commutative square as displayed, there exists a -non necessarily unique -diagonal filler.
This kind of lifting situation was common in algebraic topology long before the importance of the concept of wfs was fully realised, for which Quillen's definition of model category played a central role.
One of the features that distinguishes awfss from wfss -on a category C, sayis that the factorisation of morphisms is functorial -as is also the case in many wfss constructed by the so-called Quillen's small object argument [21] . The left and right classes of morphisms are replaced, respectively, by the coalgebras and algebras for a certain comonad and monad on C 2 , and this extra algebraic structure ensures that diagonal fillers (1) not only exist but can be canonically constructed. Lax orthogonal awfss, introduced in [6] , are awfss on 2-categories for which the canonical diagonal, say d, satisfy a certain universal property with respect to 2-cells: given any other diagonal filler w, there exists a unique 2-cell α : d ñ w such that α¨ℓ " 1 and r¨α " 1.¨h
ee Section 4 or [6] for a precise statement, along with the basic theory of lax orthogonal awfs and a procedure to construct them via the so-called simple adjunctions. For example, when the codomain of r is a terminal object, the above condition says that the identity 2-cell h " d¨ℓ exhibits d as a left Kan extension of h along ℓ. Objects A with this property with respect to a family of morphisms ℓ have been studied in the context of poset-enriched categories and called Kan objects [9] or Kan injective objects [2] .
The notion of cofibrant generation adapted to awfss was introduced in [11] , and latter extended to generation by a double category in [4] , where, in addition, enriched cofibrant generation is discussed.
There is a notion of cofibrant generation for lax orthogonal awfss, that we call cofibrant kz-generation, and we show that cofibrantly kz-generated awfss are always lax idempotent. Cofibrant kz-generation can be seen as a case of the constructions in [4, §8] -even though [4] concentrates on locally presentable categories. There are important examples, however, that are not locally presentable categories, as the category of topological spaces. In Section 7 we study the case of categories enriched in preorders and the cofibrant kz-generation thereon, encompassing in this way the example of topological spaces.
We have mentioned two ways of constructing new lax orthogonal awfss: via simple adjunctions and via cofibrant kz-generation. It is natural to ask whether these two ways construct the same awfss; we give a negative answer to this question in Section 8. We exhibit two lax orthogonal awfss that can be constructed via simple adjunctions but are not cofibrantly kz-generated, nor cofibrantly generated; furthermore, their underlying wfss are not cofibrantly generated, in the usual sense of the term. The two awfss in question can be described as follows. The first of these is the awfs on the category of preorders whose left morphisms are the full morphisms of preorders and whose fibrant objects are the complete lattices. The second example is the awfs on the category of T 0 topological spaces whose left morphisms are the subspace embeddings and whose fibrant objects are the continuous lattices - [6, §12] .
We conclude this introduction with a description of the article contents. Section 2 collects some of the constructions and results relative to awfss needed in the rest of the article. We adapt in Section 3 the notions of cofibrant generation introduced in [11, 4] to the case of categories enriched in V Ď Cat. Lax idempotent 2-monads and lax orthogonal awfss and the notion of cofibrant kz-generation are recalled in Section 4, and we go on to show in Section 5 that cofibrantly kz-generated awfss are lax orthogonal. Section 6 shows that cofibrantly generated and kz-generated awfss must satisfy certain colimit creation property, to be used in a later section. Section 7 proves an existence result for cofibrantly kz-generated awfs on preorder-enriched categories. Section 8 is divided in two parts, each exhibiting a lax orthogonal awfs that can be constructed by the method of simple adjunctions [6] but is not cofibrantly kz-generated, nor cofibrantly generated, and whose underlying wfs is not cofibrantly generated in the usual meaning of the term. There is a short appendix comparing the present note with the article [2] .
Background on algebraic weak factorisation systems
As mentioned in the introduction, we are interested in 2-categories and locally preordered categories. A possible path one can choose in the exposition is to work with V-enriched categories, for a fairly general symmetric monoidal closed category V. On the other hand, one could treat only the case of 2-categories and, when necessary, argue that the relevant constructions and results restrict to locally preordered 2-categories. We will take a middle of the road approach and consider categories enriched in a full sub-2-category V Ď Cat, closed under limits, colimits and exponentials. Furthermore, it will be important for our applications that the arrow category 2 should belong to V. We have in mind the 2-categories Cat of small categories, Pord of preorders and Pos of posets. Many of the V-enriched notions we discuss below hold for a general V, and are not difficult to elaborate in that context, but since they do not add much to our main examples, are left to be developed in another place.
Each V-category has an underlying 2-category, and conversely, a 2-category is of this form if and only if its hom-categories lie in V. We refer to the 2-cells of the underlying 2-category of A simply as 2-cells of A.
Functorial factorisations.
A V-functorial factorisation on a V-category C is a V-functor C 2 Ñ C 3 that is a section of the composition V-functor C 3 Ñ C 2 . Equivalently, it is a V-functor K : C 2 Ñ C with V-natural transformations dom ñ K ñ cod whose composition equals the canonical transformation dom ñ cod with f -component equal to f . In other words, a V-functorial factorisation is a functorial factorisation as defined in [12] that is compatible with the 2-cells of C.
s in the case of ordinary categories, a functorial factorisation can be equivalently described by a copointed endo-V-functor Φ : L ñ 1 on C 2 with dom Φ " 1, and by a pointed endo-V-functor Λ : 1 ñ R on C 2 with cod Λ " 1. We sometimes write Lf " λ f and Rf " ρ f .
Given a V-functorial factorisation as in the previous paragraph, each coalgebra structure p1, sq : f Ñ Lf for the copointed endo-V-functor pL, Φq on f P C 2 and each algebra structure pp, 1q : Rf Ñ f for the pointed endo-V-functor pR, Λq on g P C 2 induces a choice of diagonal fillers for morphisms ph, kq : f Ñ g in C 2 , ie commutative squares in C. The diagonal filler for this square is the composite
If pα, βq : ph, kq ñ ph,kq : f Ñ g is a 2-cell in C 2 , then there is a corresponding 2-cell diagpα, βq : diagph, kq ñ diagph,kq, given by diagpα, βq " p¨Kpα, βq¨s. See [12, 11] for details.
Enriched awfss.
There is a close relationship between awfss and double categories, as investigated in [4] . We begin by considering the latter. Recall that the cocategory structure on 2 induces an internal category SqpCq in V-CAT, depicted on the right, and called the internal category of squares in C. When V is the category of sets, internal categories in CAT are usually called double categories.
2 that makes L " pL, Φ, Σq a V-enriched comonad, and a multiplication Π : R 2 ñ R that makes R " pR, Λ, Πq a V-enriched monad. Furthermore, it is required that the underlying ordinary comonad and monad on the underlying category of C 2 should form an awfs as defined in [11] ; in other words, the V-natural transformation LR ñ RL with components pσ f , π f q : LRf Ñ RLf must be a mixed distributive law; here we have used the notation Σ f " p1, σ f q : Lf Ñ L 2 f and Π f " pπ f , 1q : R 2 f Ñ Rf . This distributivity condition, added in [11] to the original definition of awfs -called natural wfss in [12] -is precisely what is needed in order to have an associative composition of R-algebras and of L-coalgebras. An associative composition of R-algebras chooses, for each pair of R-algebras f , g with cod f " dom g, an R-algebra structure on the composition g¨f ; these assignments must be natural with respect to morphisms and 2-cells of R-algebras, and it must be associative in the sense that the R-algebra structures of ph¨gq¨f and h¨pg¨f q must coincide. A similar statement can be made about L-coalgebras.
The existence of the associative composition mentioned in the previous paragraph can be rephrased in a more concise way: if pL, Rq is a V-enriched awfs, there are internal categories in V-CAT
/ / C that we denote by L-Coalg and R-Alg. These two internal categories come equipped with internal functors into SqpCq given by forgetting the (co)algebra structure. Furthermore, given a V-monad R on C, there is a bijection between compositions that make R-Alg Ñ C into an internal category in V-CAT and V-comonads L such that pL, Rq is a V-enriched awfs. This is completely analogous to the case of ordinary awfss due to R. Garner -see, for example, [4, §2.8] .
The internal categories in V-CAT that arise from an awfs can be characterised as done in [4, §3] . If D " pD 1 Ñ D 0 q is an internal category and U : D Ñ SqpCq an internal functor in V-CAT, then D is isomorphic to R-Alg over SqpCq, for aessentially unique -V-enriched awfs pL, Rq on C, if U 1 : D 1 Ñ C 2 is strictly monadic and the induced V-monad is isomorphic to a codomain-preserving V-monad. A more elementary condition can be found in [4, Thm. 6].
2.3. Discrete pullback-fibrations of V-categories. There is another fact about awfss that we shall use in Section 3. Given a codomain-preserving monad R on C 2 , if ph, kq : f Ñ g is a morphism in C 2 that is a pullback square and g carries an R-algebra structure, then there exists a unique R-algebra structure on f that makes ph, kq a morphism of R-algebras. In the terminology of [4, §3.4] , R-Alg Ñ C 2 is a discrete pullback-fibration.
Let P : E Ñ B be a V-functor and S a family of morphisms in B closed under composition and that satisfies: if s P S and s¨t P S, then t P S -this implies that t1 dompsq : s P Su Ă S. We say that P is a discrete S-fibration if it satisfies:
(1) Given e P E and s : b Ñ P peq in S there exists a unique t : s˚peq Ñ e such that P ptq " s; (2) Given two morphisms u, v : e 1 Ñ e in E such that P puq, P pvq P S, and a 2-cell β : P puq ñ P pvq, there exists a uniqueβ : u ñ v such that P pβq " β.
is a discrete S-fibration for S the class of morphisms in C 2 that are pullback squares. The verification of the condition (1) is identical to [4, Prop. 8] , while condition (2) is similarly proven.
2.4.
Internal categories of laris and ralis. Later we will need to refer to certain internal V-categories whose vertical morphism are given by adjunctions.
A morphism f : A Ñ B in a V-category equipped with a right adjoint whose unit is an identity 2-cell may be called a left adjoint right inverse, abbreviated lari, following terminology used in [13, 4] . A morphism of laris is a morphism between the underlying morphisms in C that commutes with the right adjoints and the corresponding counits. For any V-category A there is a V-category LaripAq; clearly, laris compose, so there is an internal category LaripAq Ñ A in V-CAT, denoted by LaripAq, and an obvious internal functor LaripAq Ñ SqpAq.
Dually, a morphism f : A Ñ B in a V-category A equipped with a left adjoint whose unit is an identity may be called a right adjoint left inverse, or rali. A morphism of ralis is a morphism in A 2 between the underlying morphisms that commutes with the left adjoints and the units. There is a internal category RalipAq in V-CAT and an forgetful internal functor RalipAq Ñ SqpAq.
Each one of the internal categories LaripAq and RalipAq over SqpAq are induced by an awfs under weak assumptions on the V-category A. Recall that, as part of our assumptions, the category V Ď Cat contains the arrow category 2 and is closed under limits so it makes sense to speak of comma-objects in V; these comma-objects are just comma-categories. The lax limit of a morphism f : X Ñ Y in V is another name for the comma-category f {Y . A lax limit of a morphism f : A Ñ B in a V-category A is a diagram as the one depicted on the left, that is sent by each representable ApC,´q to a lax limit in V. A lax colimit of f is a diagram as shown on the right that is sent by each Ap´, Cq to a lax limit in V.
If A has lax limits of morphisms, then LaripAq -L-Coalg, where pL, Rq are given on a morphism f : A Ñ B in the following way: Lpf q : A Ñ f {B is the morphism that corresponds to the identity 2-cell f ñ f , and Rpf q : f {B Ñ B is the projection; see [6, §3.3] .
If A has lax colimits of morphisms, then there is a V-enriched awfs pE, Mq on A such that RalipAq -M-Alg, where pE, Mq is given on a morphism f : A Ñ B in the following way: Epf q : A Ñ col ℓ f is the coprojection and M pf q : col ℓ f Ñ B is the morphism corresponding to the identity 2-cell f ñ f .
Remark 1. Let pM, Λ
M q the pointed endo-V-functor underlying the V-monad M of the previous paragraph. The V-category of pM, Λ M q-algebras has as objects morphisms f : A Ñ B of C equipped with a morphism f ℓ : B Ñ A and a 2-cell ε : f ℓ¨f ñ 1 A that satisfy f¨f ℓ " 1 and f¨ε " 1. This description will be used in later sections.
Cofibrant generation
There is a notion of cofibrant generation for awfss on enriched categories, considered in [4] -the awfss of [4] are not enriched, however -which in our setting can be described as follows. Suppose that V is equipped with an awfs pE, Mq. For a V-functor U : J Ñ C 2 with J small, consider the V-functor
into the V-category of V-presheaves given by
where p1, f q : 1 dompf q Ñ f , for f P C 2 , and define J & M as the pullback . Given two objects of J & M with composable underlying morphisms in C, say f : A Ñ B and g : B Ñ C, there is a composite object with underlying morphism g¨f . The M-algebra structure on W U pg¨f q is described as follows. The functorŨ preserves limits, and, in particular, takes the pullback in C 2 depicted on the left below to a pullback in rJ op , Vs depicted on the right.
Being the pullback of an M-algebra,Ũ p1, gq :Ũ pf q ÑŨ pg¨f q supports a canonical M-algebra structure -Section 2.3 -so we can equip the composite morphism U p1, gq¨Ũ p1, f q "Ũ p1, g¨f q with an M-algebra structure. In this way we define a composition g ‚ f in J & M that is routinely verified to be associative. Together with the obvious identity morphisms, we have a double category pJ & M q˝; more details can be found in [4, §6, §8] .
A careful inspection of the description of the vertical composition of objects of J & M above the present lemma reveals that it is a V-functor ‚ :
For a general base of enrichment V this proof is more delicate than our, simpler case of V Ď Cat.
Lemma 3. The vertical composition of the double category pJ
Proof. We only need to show that given 2-cells pα 0 , α 1 q and
In more explicit terms, we need to show that the pair of 2-cells pŨ pα 0 , α 0 q,Ũ pα 0 , α 2shown in the bottom diagram of Figure 1 is of M-algebras, whereŨp1, g¨f q and U p1, g 1¨f 1 q have the composition M-algebra structure described in the previous paragraph.
We know, by hypothesis, that`Ũ pα 0 , α 0 q,Ũ pα 0 , α 1 q˘is a 2-cell in M-Alg. It suffices to show that`Ũpα 0 , α 1 q,Ũ pα 0 , α 2 q˘is a 2-cell in M-Alg, since then, their vertical composition will be a 2-cell in M-Alg too. We will use that there is a pullback square as in the right hand side of (3) for g 1 and f 1 , namelỳŨ
is a pullback; its domain and codomain are morphismsŨ pf 1 q ÑŨ pg 1¨f 1 q and
Vs 2 is a discrete pullback-fibration of Vcategories -Section 2.3 -it suffices to show that the composition of the 2-cell
is a 2-cell in M-Alg. Calculating
and using thatŨ pα 1 , α 1 q andŨ pα 1 , α 2 q are 2-cells of M-algebras andŨpf, 1q is a morphism of M-algebras, we deduce that (5) lies in M-Alg, completing the proof.
Recall that a cotensor product of an object B in a V-category C by an object V P V is an object tV, Bu together with a morphism V Ñ CptV, Bu, Bq that induces isomorphisms CpA, tV, Buq -rV, CpA, Bqs. For any V-functor F there is a comparison morphism F ptV, Xuq Ñ tV, F pXqu induced by the universal property of cotensor products, if these two cotensor products exist. Proof. We call a cotensor product with the object 2 P V a 2-cotensor. Denote the underlying-category 2-functor from V-CAT to CAT by p´q˝, which is faithful when restricted to the 2-category of 2-cotensored V-categories and 2-cotensor preserving V-functors -because 2 is a (strong) generator in the ordinary category Cat. Denote by U the given V-functor from J to C 2 . We know from [4, §8] that the result is true at the level of the underlying categories: the underlying category of J & M forms part of a double category and the underlying functor of U & M forms part of an identity on objects double functor from pJ & M q˝to the double category of squares of C˝. Therefore, in order to prove that J & M is an internal category in V-CAT it will be enough to show that:
cotensor products with 2; and, the composition V-functors of the internal category structure of J & M preserves them. The first of these conditions follows from Remark 2.
Let f and g be two composable objects of J & M and ‚ the vertical composition of the double category pJ & M q˝. The comparison morphism t2, gu‚t2, gu Ñ t2, g‚f u is defined by its projections into C 2 and M-Alg. The first is the identity t2, gu¨t2, f u " t2, g¨f u that expresses the fact that t2,´u is an endofunctor of C. The second is the comparison morphismŨ pt2, p1, gquq¨Ũ pt2, p1, f quq Ñ t2,Ũp1, g¨f qu, which is an isomorphism too, asŨ preserves limits.
We now briefly discuss the construction J & & M of [4, §6] . Assume that J is an internal category J Ñ J 0 in V-Cat and U : J Ñ SqpCq is an internal functor. First observe that, for vertically composable morphisms i and j in J, the following square in V is a pullback, where the top, right, left and bottom morphisms are, respectively, given by ph, kq Þ Ñ ph¨U i, hq, ph, kq Þ Ñ ph, g¨kq, ph, kq Þ Ñ ph¨U i, kq and ph, kq Þ Ñ ph, k¨U jq.
Since the morphismŨ p1, gqpiq is an M-algebra in V, so is the morphismŨ pgqpjq Ñ U pgqpj ‚ iq on the left of the pullback square, by Section 2. 
There is an inclusion V-functor
is full and faithful. To see this, observe that the two parallel V-functors of (6) commute with the faithful functors into C 2 ; details are left to the reader.
A V-enriched awfs pL, Rq on C is cofibrantly generated by J when there is an isomorphism of internal categories R-Alg -
Any two awfss cofibrantly generated by the same J are isomorphic, so we may speak of the awfs cofibrantly generated by J. The V-enriched awfs cofibrantly generated by an internal category J in V-Cat exists if and only if
is strictly monadic. This can be shown by modifying [4, Thm. 6 ] to the case of V-categories. When J " pJ Ñ J 0 q is large one can still define a CAT-category J & & M . We say that pL, Rq is cofibrantly generated by a V-category J over C 2 if there is an isomorphism of internal categories R-Alg -J & M over SqpCq. We will see in Lemma 8 that, instead of giving a different notion of cofibrant generation, generation by a V-category can be seen as a particular instance of cofibrant generation by an internal category.
Notation 5. When we consider cofibrant generation with respect to the awfs pE, Mq on V whose M-algebras are split epimorphisms, we will simply write J & & and J & , leaving M understood. This notation coincides with that of [11, 4] .
There is a simple description of objects of J & , first given in [11] ; and object pg, ϕq consists of a morphism g : A Ñ B in C with a section of the V-natural transformation 
can easily be seen to be
Since the V-monad M on rI opˆJ op , Vs 2 is obtained by pointwise application of the V-monad of the same name on V 2 , the isomorphism in (7) induces is an isomorphism
The rest of the proof is straightforward.
, where δ 1 : 1 Ñ 2 is the functor that misses out the terminal object 1 P 2. Therefore,
where we have identified pC 2 q 2 with C 2ˆ2 and used that t¨pδ 1ˆ2 q : 2 Ñ 2ˆ2 Ñ 2 is the functor 2 Ñ 1 Ñ 2 constant at 0 P 2 -see Remark 2 for the definition of t. The proof is concluded by noting that identity morphisms have a unique M-algebra structure, since M is codomain-preserving. Thus, W U pf q has a unique M-algebra structure, or in other words, J & M Ñ C 2 is bijective on objects. The rest of the proof is similarly deduced from this argument.
Lemma 8. Each internal category over SqpCq of the form J & M can be realised as
Proof. Given a V-category J , consider the internal graph given by the coproduct coprojections pι 0 , ι 1 q : J Ñ J`J " 2¨J . We claim that the free internal category on this graph exists. To prove this, we first make a digression.
An internal graph with object of objects X 0 in a finitely complete category W can be seen as a span, an object of the category SpnpWqpX 0 , X 0 q " W{X 0ˆX0 . This category is monoidal, with tensor product given by composition of spans: the composition of pa 0 , a 1 q : A Ñ X 0 with pb 0 , b 1 q : B Ñ X 0 is the pullback A a1ˆb0 B. An internal category with object of objects X 0 is the same as a monoid in this monoidal category, and the free internal category on an internal graph can be constructed as the free monoid on the corresponding object of SpnpWqpX 0 , X 0 q.
Returning to the main thread of the proof, observe that, because coproducts in V-Cat are disjoint unions, V-Cat has disjoint coproducts stable under pullback. Then, SpnpV-Catqp2¨J , 2¨J q has coproducts preserved by tensor product on each side, and by a classical result, it admits free monoids. Furthermore, free monoids are given by the classical power series formula.
The span pι 0 , ι 1 q : J Ñ J`J satisfies J b J -0, since coproducts are disjoint -here b denotes the tensor product given by composition of spans. Thus, the free monoid I " pI Ñ 2¨J q on J is
Let U : J Ñ C 2 be a V-functor. The map of graphs depicted below
induces an internal functor I Ñ SqpCq, given on objects of objects by`d om U cod Uȃ nd on objects of morphism by the V-functor pJ`J q`J Ñ C 2 given on the first summand by id`d om U cod U˘: J`J Ñ C Ñ C 2 and on the second summand by U : J Ñ C 2 . Lemma 6 allows us to calculate
along the diagonal C 2 Ñ C 2ˆC2ˆC2 . One can easily compute each factor in (8) .
along the diagonal, which is clearly isomorphic to 
Lax orthogonal factorisation systems
This section is a short exposition of the basic definitions of lax orthogonal awfss [6] , beginning with lax idempotent 2-monads -which are closely related to Kock-Zöberlain doctrines [18, 23] .
Recall that a 2-monad T " pT, i, mq is lax idempotent if one of the following equivalent conditions holds: (1) T i % m with identity unit; (2) m % iT with identity counit; (3) there exists a modification δ : T i ⇛ iT such that m¨δ " 1 and δ¨i " 1; (4) the forgetful 2-functor from the 2-category of T-algebras and lax morphisms is full and faithful on morphisms. Some of these conditions appear in [18] and [23] in the context of doctrines. The equivalence between the first two conditions in the list first appeared in [20] , and a full list of equivalent conditions with the respective proofs can be found in [17] .
A 2-comonad G on K is lax idempotent when the corresponding monad G op on the 2-category K op obtained by reversing the morphisms is lax idempotent.
Definition 9 ([6])
. A V-enriched awfs pL, Rq on C is lax orthogonal if the 2-comonad L and the 2-monad R are lax idempotent, or equivalently, as shown in [6, §4] , if either L or R is lax idempotent.
Example 10. The two awfs of Example 2.4 are lax orthogonal. It is easy to verify that the V-monad R -the free split opfibration monad -is lax idempotent, and by a duality argument, so it is the comonad E.
Assumption 11. For the rest of the section we equip V with the lax orthogonal awfs pE, Mq described in Example 2.4 -so M is the free rali V-monad.
Lax orthogonality is closely related to the notion of kz-lifting operation [6, §5] . If f and g are morphisms in C, a kz-lifting operation form f to g is a rali structure on the dashed morphism induced by the universal property of pullbacks. If a kz-lifting operation from f to g exists we say that f and g are kz-orthogonal.
Slightly more generally, a kz-lifting operation from a V-functor U : 
is the universal V-category over C 2 equipped with a kz-lifting operation from U to U &kz -see [6, §6] . In particular, any L-coalgebra is kz-orthogonal to any R-algebra. Proof. We use Notation 5. First observe that, for any V-category A over C 2 the displayed square is a pullback, because ralis are split epis. Moreover, the horizontal V-functors are full and faithful.
Theorem 6.6 of [6] shows that there is an -essentially unique -V-functor R-Alg Ñ L-Coalg &kz , commuting with the forgetful functors into C 2 , which is, moreover, full and faithful. On the other hand, there is an isomorphism R-Alg Ñ L-Coalg & & over C 2 . We can deduce the existence the required isomorphism as in the statement from the pullback of the previous paragraph.
Definition 16 . We say that a V-enriched awfs pL, Rq is cofibrantly kz-generated by a small internal category J in V-Cat over SqpCq if R-Alg -J & &kz over SqpCq. A V-enriched awfs is cofibrantly kz-generated if there exists such a small internal category in V-Cat.
Lax orthogonality of KZ-cofibrantly generated AWFSs
If pL, Rq is cofibrantly kz-generated by J, it is clear that each U j is kz-orthogonal to each R-algebra -Remark 13. It is not completely obvious, however, that each L-coalgebra is kz-orthogonal to each R-algebra, and the proof of this fact occupies the remaining of the section. Now assume that C is a -not necessarily small -complete V-category; strictly speaking, all we need is cotensor products and equalisers. For each pair of objects A and B denote by xA, By the right Kan extension of the V-functor A : 1 Ñ C along B : 1 Ñ C.
xA, By " Ran A B " tCp´, Aq, Bu This defines a CAT-functor x´,´y : C opˆC Ñ EndpCq. As for any right Kan extension of a functor along itself, xA, Ay " Ran A A has a canonical structure of a V-monad.
For a morphism f : A Ñ B in C, there is a V-monad xf, f y ℓ defined as the comma-object xA, Ay xA,f y
The monad structure on xf, f y ℓ is such that the projections of the comma-object are -strict -morphisms of V-monads. This method of describing morphisms as monad maps can be found as early as [14, §3] . We shall denote the category of V-monads on C and -strict -monad morphisms -monoid morphisms in the monoidal category of endo-V-functors -by MndpCq.
The definition of xA, Ay is such that there is a bijection between morphisms T Ñ xA, Ay in MndpCq and T-algebra structures on A. Similarly, there is a bijection between morphisms T Ñ xf, f y ℓ in MndpCq and: T-algebra structures on A and on B together with a lax morphism structure on f .
Remark 17. Following [17] , if we denote by σ : xf, f y ℓ Ñ xA, AyˆxB, By the morphism of V-monads induced by the projections of the comma-object (9), then T is lax idempotent precisely when it is co-orthogonal to σ in MndpCq; ie when MndpCqpT, σq is a bijection. To prove the second part of the statement, note that W preserves the comma object (9), as it is defined by componentwise comma objects. Now use the isomorphisms of the first part to show that Ran W pW xf, gy ℓ q is the comma object of the cospan xW f, W By, xW A, W gy.
Lemma 18. Suppose that W : C Ñ B is a continuous V-functor between complete
If W : C Ñ B is a V-functor and T " pT, i, mq a V-monad on C, then Ran W pW T q has a canonical structure of a V-monad on B, whenever this right Kan extension exists. The unit is the V-natural transformation that corresponds to W i : W ñ W T , while the multiplication corresponds to the V-natural transformation
If Ran W always exists, then E Þ Ñ Ran W pW Eq is a monoidal functor from EndpCq to EndpBq, so it induces a functor MndpCq ÝÑ MndpBq.
This is the case, for example, when W has a left adjoint. In a moment we will need a more general notion of morphism of V-monads. If pC, Tq is a V-monad on C and pB, Sq a V-monad on B, a morphism pC, Tq Ñ pB, Sq is a V-functor F : C Ñ B equipped with a V-natural transformation ϕ : SF ñ F T satisfying compatibility axioms with the unit and multiplication of the respective monads. The effect of these axioms is that, if a :
There is a bijection between morphisms of V-monads pC, Tq Ñ pB, Sq over W : C Ñ B and morphisms S Ñ Ran W pW T q in MndpCq. Indeed, a morphism structure ω : SW ñ W T on W corresponds to a morphism S Ñ Ran W pW T q via the universal property of Ran W .
Lemma 19. Consider a commutative diagram of V-functors as depicted, where
T and S are V-monads on C and B. Let pW, wq be the corresponding morphism of V-monads, and assume that Ran W of V-functors into B always exist. If the square is a pullback, then pW, wq exhibits T as a reflection of S along (10).
T-Alg
Proof. Let P be a V-monad on C and consider the following sets: (1) MndpCqpT, Pq; (2) V-functors P-Alg s Ñ T-Alg s that commute with the respective forgetful functors; (3) MndpBqpS, Ran W pW P qq; (4) V-functors P-Alg Ñ S-Alg over W . The sets (1) and (2) and the sets (3) and (4) are bijective, naturally in P, by the comments previous to this lemma. To say that T is the reflection of S is equally saying that (1) is naturally bijective to (3), while to say that (11) is a pullback implies that (2) and (4) are naturally bijective.
The hypothesis of the existence of Ran W in Lemma 19 is satisfied in two common situations: when W has a left adjoint; and when C has a small codense category and B is complete.
Corollary 20. If the V-monad S in Lemma 19 is lax idempotent, both C, B are complete and W is continuous, then T is lax idempotent.
Proof. By Remark 17, we must show that T is co-orthogonal to the morphism σ f : xf, f y ℓ Ñ xA, AyˆxB, By, for any morphism f : A Ñ B in C. Equivalently, that S is co-orthogonal to Ran W pW σq by Lemma 19. This morphism is isomorphic to σ W f , via the isomorphisms Ran W pW xA, Ayq -xpW pAq, W pAqy and Ran W pW xf, f y ℓ q -xW pf q, W pf qy ℓ of Lemma 18, from where it is obvious that S is co-orthogonal to Ran W pW σq.
Theorem 21.
On any complete and cocomplete V-category, any V-enriched awfss that is cofibrantly kz-generated by a small V-category is lax orthogonal.
Proof. Suppose that the V-enriched awfs pL, Rq on C is cofibrantly kz-generated by a V-category J Ñ C 2 over C 2 . Then we have that the forgetful V-functor R-Alg Ñ C 2 is the pullback of M-Alg Ñ rJ op , Vs 2 along W U . Thus, Corollary 20 will ensure that R is lax idempotent once we have shown that the right Kan extensions Ran WU exist. The latter condition is obvious since W U has a left adjoint -see Remark 2.
Theorem 22.
Suppose that C is a V-category with the property that any small V-category over C 2 cofibrantly kz-generates an awfs. Then, any awfs cofibrantly kz-generated by a small internal category in V-Cat is lax orthogonal.
Proof. Suppose that J cofibrantly kz-generates the awfs pL, Rq. By considering the equaliser (6) 
R-Alg
y definition, this diagram induces an equaliser diagram at the level of corresponding categories of algebras over C 2 , so it exhibits the ordinary monad R˝as the algebraic coequaliser of τ and ν, and by [15, Prop. 26.2] , as the coequaliser of this pair of morphisms in the category MndpC 2 q of -ordinary -monads on C 2 . We have to prove that R˝is co-orthogonal to the morphism σ f : xf, f y ℓ Ñ xA, AyˆxB, By, for f : A Ñ B in C -Remark 17. To give a morphism R˝Ñ codpσ f q is equally well to give a morphism α : T˝Ñ codpσ f q such that α¨τ " α¨ν. Since T is lax idempotent, there exists a unique β : T˝Ñ dompσ f q such that σ¨β " α, again by Remark 17. The equality σ¨β¨τ " σ¨β¨ν is easily derived, hence β¨τ " β¨ν since S is lax idempotent, and β " γ¨ζ for a unique γ : R˝Ñ dompσq˝. Therefore σ¨γ is the original morphism R˝Ñ codpσq˝, and we have established the desired bijection.
In certain conditions, the hypothesis of Theorem 22 are always satisfied, as for example:
Corollary 23. Let C be a locally presentable V-category. Then, any small internal category J in V-Cat over SqpCq cofibrantly kz-generates a V-enriched awfs which, moreover, is lax orthogonal.
In the corollary, the existence of the awfs cofibrantly kz-generated by J can be deduced from [4, §8.2], which shows the existence of a Set-enriched awfs. The extension to include the 2-cells can be made without much effort, and is left to the reader, obtaining in this way a V-enriched awfs, which is necessarily lax orthogonal by Theorem 22.
Some consequences of cofibrant generation
In this section we show that cofibrantly generated awfss and wfss on categories that satisfy a smallness condition with respect to an orthogonal factorisation system -abbreviated ofs.
An ofs can be succinctly described as a wfs whose diagonal fillers are unique -even though ofs appeared independently in [10] . Recall that an ofs pE, Mq on a cocomplete category is cocomplete if pushouts of arbitrary families of morphisms in E with the same domain exist; in any such ofs, the morphisms in E must be epimorphisms -see [15, §1.3] . The category is cowellpowered if there is, up to isomorphism, only a small set of morphisms in E with a given domain. A morphism in M with codomain B is called an M-subobject.
Let A be a cocomplete category with a cocomplete ofs pE, Mq. Recall that an object A of A is said to have rank less or equal to a regular cardinal κ if for any κ-filtered co-cone m β : X β Ñ X, with m β P M, the functor ApA,´q preserves colim X β . Observe that each morphism X β Ñ X γ of the diagram is in M since E consists of epimorphisms -see [10, 2.1.4] . It is clear that A has rank less or equal to κ if and only if ApA,´q preserves the colimit of all κ-filtered diagrams in M. The rank of A is the smallest regular cardinal κ for which this happens. This notion of rank is attributed by [10] to M. Barr. Observe that the induced morphism colim X β Ñ X need not be in M; indeed, it is in M precisely when colim X β is the union of the subobjects X β of X.
The objects of locally presentable categories have a rank for the ofss pIso, Morq. Categories locally bounded with respect to a ofs -in the sense of [16, §6.1] -have ranked objects, due to the argument given in [10, §3.2]. A number examples are given in [10] and [16, §6.1]; later we will be interested in the example of the category of T 0 topological spaces Top 0 equipped with the ofs E = surjections and M = subspace inclusions.
Each cocomplete orthogonal factorisation system pE, Mq on A induces another on A 2 component-wise, which we still call pE, Mq. It is easy to show that a morphism f : X Ñ Y has rank less or equal to κ as an object of A 2 if X and Y have rank less or equal to κ.
An awfs pE, Mq on C is cocontinuous if one of the following equivalent conditions hold: the comonad E is cocontinuous; the monad M is cocontinuous; the V-functor K : C 2 Ñ C, part of the V-functorial factorisation, is cocontinuous.
Proposition 24. Suppose V is equipped with a cocontinuous awfs pE, Mq and C a cocomplete V-category whose underlying category is locally ranked with respect to some proper ofs. If J is a small internal category in V-Cat over SqpCq, then
Proof. We first prove the case of cofibrant generation by a small category J over
preserves the colimit of D 1 and the resulting colimit in rJ op , Vs 2 is created by V . In the case at hand, the enriched monad M is cocontinuous, so V creates all colimits. It remains to verify that W U preserves κ-filtered colimits of M-subobjects. Since J is small, there is a regular cardinal κ such that each U j P C 2 has rank less or equal to κ, ie C 2 pU j,´q preserves κ-filtered colimits of M-subobjects. This means thatŨ : C 2 Ñ rJ op , Vs preserves κ-filtered colimits of M-subobjects. Furthermore, the functor W U is the composition of C t withŨ 2 , where the former is cocontinuous -Remark 2 -and sends M-subobjects of C 2 to M-subobjects of C 2ˆ2 -pC 2 q 2 , since the ofs on these categories are defined pointwise from the original ofs on C. It follows that W U preserves the required colimits. Now we prove the case of cofibrant generation by a internal category J " pJ Ñ J 0 q in V-Cat and U " pU 1 , U 0 q : J Ñ SqpCq an internal functor. Denote by V the functor JˆJ 0 J Ñ C 2 from the object of composable pairs. Recall from (6) that
and V & M create, respectively, µ-filtered and ν-filtered colimits of Msubobjects for regular cardinals µ, ν; we can now take the largest of these two cardinals as κ. Proof. The class L consists of those morphisms of C that admit at least one coalgebra structure for the copointed endo-V-functor pL, Φq. Since I is small, we can choose for each i P I a coalgebra structure, p1, s i q : i Ñ Lpiq. We will use the explicit description of the objects of I & given in [11] and before our Lemma 6. For an R-algebra g, define pg, ψq P I & in the following manner We know from [11, §3] that g has a structure of an object pg, ϕq
his assignment on objects can be easily be easily be extended to a V-functor. Note that this construction works only because I is a set instead of a category, in which case we would not be able to guarantee the compatibility between the coalgebra structures chosen for each i P I and the morphisms of I.
Recall that the V-monad R 1 of an awfs pL, Rq is is the fibrant replacement monad, ie the restriction of R to C{1 -C.
Proposition 27. Suppose that C is a V-category as in Proposition 24 and has a terminal object. Suppose given a V-enriched awfs pL, Rq on C. If its underlying wfs pL, Rq is cofibrantly generated by a set morphisms with rank, then there is a regular cardinal κ such that any κ-filtered colimits of M-subobjects colim X j is a fibrant object for pL, Rq, provided that X j is a diagram in R 1 -Alg.
Proof. Suppose that I Ă L cofibrantly generates pL, Rq. Consider a V-functor R-Alg Ñ I & over C 2 , as provided by Lemma 26. Taking fibre over the terminal object 1 P C, we obtain the first arrow displayed below.
The second arrow is the inclusion into the full subcategory of fibrant objects, which exists since any object with a lifting operation against I is certainly weakly orthogonal to I. Proposition 24 guarantees that the forgetful I & Ñ C 2 creates κ-filtered colimits of M-subobjects for some regular cardinal κ. Therefore, if tX j u is a κ-filtered diagram in R 1 -Alg of M-subobjects of X with colim X j -X, we can send tX j u along (12) to a diagram in pI & q 1 , and deduce that X supports a structure of an object of pI & q 1 . Then, X is a fibrant object for pL, Rq.
Preorder-enriched awfss
We now turn our attention to the case of preorder-enriched awfss and their cofibrant kz-generation. The case of a locally presentable base category can be easily extracted from the results in [4] , so we here concentrate in the non-locally presentable case, as to include important examples as that of the category of topological spaces.
Assumption 28. Let us assume that our category V Ď Cat is in fact a subcategory of the cartesian closed category Pord of preorders.
Assumption 28 has an immediate simplifying consequence:
Proof. By definition, the inclusion is fully faithful and injective on objects. Denote by U : J Ñ C 2 the arrow part of the internal functor from J to SqpCq. Recall from Notation 12 that an object of J & & kz is a morphism f P C 2 together with a rali structure on W U pf q, and that this object lies in J &kz if certain pair of rali structures on C 2 pU j¨U i, p1, fcoincide, for all pair of vertically composable i, j P J . In locally preordered 2-categories, rali structures are unique, so all the objects of J &kz lie in J & &kz , concluding the proof.
Lemma 30. Let M be the V-monad whose algebras are ralis.
Proof. The forgetful V-functor in question is always full and faithful and injective on objects, so we only need to show it be surjective on objects. Algebras for the pointed endo-2-functor pM, Λ M q has been already described in Remark 1 as a morphism f : A Ñ B equipped with f ℓ : B Ñ A and a 2-cell ε : f ℓ¨f ď 1 A such that f¨f ℓ " 1 A and f¨ε " 1. In order to have an adjunction we only need ε¨f " 1, but ε¨f has f as both its domain and codomain, and therefore is an identity because VpA, Bq is a preorder. Then, pM, mq-algebras are the same as M-algebras, and the forgetful V-functor is an isomorphism. 
To conclude the proof, it suffices to show that the functor
has a left adjoint. For, its left adjoint will underlie a left adjoint V-functor, since J &kz Ñ C 2 preserves cotensor products with 2 -see proof of Lemma 4. It will then follow that J &kz is monadic over C 2 , in the V-enriched sense. Now we prove that (13) has a left adjoint. First, we can show, in the same way as we did in the proof of Proposition 24, that W U preserves κ-filtered colimits of M-subobjects, for some κ. The next step in the proof is to observe that LW U and LM W U preserve any colimit that is preserved by W U , since L and M are cocontinuous. Therefore, R preserves κ-filtered colimits of M-subobjects. We may now use [15, 15.6 ] to deduce that (13) has a left adjoint, concluding the proof.
Examples of non-cofibrant generation
In this section we exhibit two examples of lax idempotent awfss on a that can be constructed via the "simple adjunction" method introduced in [6] but are not cofibrantly kz-generated, nor cofibrantly generated. Furthermore, their underlying wfss are not cofibrantly generated, in the usual sense of the term. 8.1. Example: complete lattices. It has been known for a long time that complete lattices can be characterised as the preorders that are kz-injective or Kan injective to poset-embeddings [3, Prop. 1]. If we regard the category Pord of preorders as the 2-category of categories enriched in 2, complete lattices are the algebras for the 2-monad P on 2-Cat " Pord given by X Þ Ñ rX op , 2s; this is the presheaf 2-monad, and P pXq can be described as the poset of all down-closed subsets of X.
By results of [6] , there is a lax orthogonal awfs pL, Rq on Pord whose Lcoalgebras are the full and faithful 2-functors, ie the morphisms of preorders that are full when regarded as functors (note that these need not be injective). Furthermore, the Pord-category R 1 -Alg of algebras for the restriction of R to the fibre over 1 is the category CompL of complete lattices and order-preserving functions that preserve arbitrary suprema. The functorial factorisation that underlies this awfs can be described in the following terms. If f : A Ñ B is a morphism of preorders, then consider Kf " pφ, bq P P pAqˆB :
with the preorder structure inherited from P pAqˆB, and the morphisms λ f : A Ñ Kf and ρ f : Kf Ñ B given by λ f paq " pta 1 P A : a 1 ď au, f paqq and ρ f pφ, bq " b. Then f Þ Ñ pλ f , ρ f q is the given Pord-functorial factorisation.
Due to the fact that the fibres of the R-algebras are posets, [6, Lemma 11.6 ] guarantees that, if we call pL, Rq the underlying wfs of pL, Rq, a morphism f P L if and only if it admits an L-coalgebra structure; and f P R if and only if it admits an R-algebra structure.
Remark 32. There is a wfs pFull, Topq on Cat, introduced in [1] , whose left morphisms are the full functors and whose right morphisms are the topological functors. Its restriction of Pord is precisely the pL, Rq we are discussing. Furthermore, [1] proves that the restriction of pL, Rq to the category of posets is not cofibrantly generated, from where it is easy to deduce that pL, Rq is not cofibrantly generated either.
Theorem 33. The awfs on Pord described at the beginning of the section is not cofibrantly kz-generated nor cofibrantly generated. Furthermore, its underlying wfs is not cofibrantly generated, in the usual sense of the term.
Proof. In order to apply Corollary 25, equip the ordinary category of preorders with the ofs pE, Mq with E = epimorphisms = surjections, and M = strong monomorphisms = embeddings. Example 34 now shows that the awfs cannot be cofibrantly generated with respect to any cocontinuous Pord-enriched awfs. The same example and Proposition 27 imply that pL, Rq is not cofibrantly generated; one can also appeal to [1] , as mentioned in Remark 32.
The example that follows describes a well known fact that, nonetheless, we find useful to make explicit in order fix the notation that we shall use in Example 37.
Example 34. In the next paragraphs we show that, for all limit ordinals β, the forgetful Pord-functor CompL Ñ Pord does not create β-filtered unions of subobjects.
We use without further mention the ordering of ordinals by the relation P; this is, α ă β means precisely α P β. In this way, an ordinal β is the completely ordered set of those ordinals α P β. A subset D Ď β of an ordinal β is bounded if and only if it has a supremum; the supremum is given by sup D " mintγ P β : @δpδ P D ñ δ ď γqu. In fact, sup D is the union of tδ : δ P Du; in other words, that pγ P sup Dq if and only if pDδ P D : γ P δq. Therefore, an ordinal is a complete lattice if and only if every subset is bounded, if and only if it has a top element. It is easy to see that an ordinal with a top element must be a successor ordinal: if τ P α is the top element of a limit ordinal α, then τ P α P succpτ q, since succpτ q R α; but succpτ q " τ Y tτ u, from where it follows the contradictory statement that α " τ .
Given a limit ordinal β, consider the functor β Ñ Pord given by µ Þ Ñ succpµq " µ Y tµu. The cocone given by the inclusions succpµq ãÑ β is a colimiting cocone in Pord. Furthermore, for µ ă ν, the inclusion succpµq Ă succpνq preserves arbitrary suprema (colimits).
When β is a regular cardinal, this colimit is β-filtered, and we have exhibited each regular cardinal β as a β-filtered colimit of sub-preorders that are complete lattices. The ordinal β, however, is a limit ordinal and thus not a complete lattice, concluding the example.
Remark 35. The last sentence of Theorem 33 was first proved in [1] . The other two parts of the theorem can proved without appealing to Corollary 25 by the a technique used in [4] for locally presentable categories. In our case, Pord is locally presentable. Suppose that the awfs is cofibrantly generated with respect to an accessible awfs pE, Mq on V. By the same argument of the proof of [4, Prop. 13] applied to the monad M, instead of the monad for split epimorphisms, shows that pL, Rq must be accessible. Thus, the forgetful R 1 -Alg Ñ Pord is accessible, and, being conservative, it creates κ-filtered colimits for some regular cardinal κ, contradicting Example 34.
8.2. Example: continuous lattices. In this section we give another example of an awfs that can be constructed via simple adjunctions [6] but is not cofibrantly generated. First we consider the awfs on the category of T 0 topological spaces and conclude with the case of general topological spaces.
Let Top 0 be the category of T 0 topological spaces and continuous maps. Each T 0 space X carries a posetal structure defined by x Ď y if and only if each neighbourhood of x is also a neighbourhood of y; equivalently, if x P tyu. This is sometimes called the specialisation order. A continuous function f : X Ñ Y becomes an orderpreserving function f : pX, Ďq Ñ pY, Ďq, so we have a functor Top 0 Ñ Pos into the category of posets. The cartesian closed category Pos can play the role of the base of enrichment V of the previous sections, and we can make Top 0 into a Poscategory by declaring f ď g if the associated morphisms of posets satisfy f ď g. In elementary terms, f ď g if and only if f pxq Ď gpxq for all x.
We now recall the definition of continuous lattices [22] . Suppose that pL, ďq is a complete poset. Given a pair of elements x, y P L we say that x is way below y, written x ! y, if for all directed subsets D Ď L, if y ď _D then there exists some d P D with x ď d. A continuous lattice is a complete poset where every element is the supremum of the elements way below it:
Equip L with the Scott topology τ L , whose open sets are those subsets U Ď L that satisfy: (1) if x P U and x ď y, then y P U ; (2) if D Ď L is a directed subset and
In this way we can regard any continuous lattice as a T 0 topological space, and the specialisation order for this topology coincides with the order of L. Conversely, if the poset pX, Ďq of a T 0 space X is a continuous lattice, the topology τ pX,Ďq coincides with the original topology of X. In this way, continuous lattices can be identified with a class of T 0 topological spaces.
A function f : L Ñ L 1 between continuous lattices is continuous for the associate topology if and only if it preserves directed suprema. Thus, the category of continuous lattices and maps of poset that preserve directed suprema is isomorphic to a full subcategory CL of Top 0 .
As part of the seminal work [22] , D. Scott showed that a topological space is a continuous lattice if and only if it is injective with respect to all embeddings of topological spaces. Later, it was shown in [7] that the category of continuous lattices is isomorphic to the category of algebras of the filter monad F on Top 0 , the monad that assigns to each space X its space of filters F X endowed with a suitable topology. This is in fact a monad enriched in Pos. Using that F is lax idempotent, or Kock-Zöberlain, [8] proves that continuous lattices are the spaces Kan injective, or lax orthogonal, to embeddings.
There is a lax orthogonal factorisation system pL, Rq on Top 0 such that: (1) the fibre replacement Pos-enriched monad on Top 0 is the filter monad F; (2) a continuous function f is an L-coalgebra if and only if f is an embedding. This awfs was constructed via the method of pulling back along a "simple adjunction" in [6] , and described only as a wfs in [5] .
Theorem 36. The awfs on Top 0 described is not cofibrantly kz-generated nor cofibrantly generated. Its underlying wfs is not cofibrantly generated.
In fact, we shall show that this awfs is not cofibrantly generated with respect to any cocontinuous Pos-enriched awfs pE, Mq on Pos.
Proof of Theorem 36. We first tackle the part of the statement that deals with the awfs. The proof is an application of Proposition 24. The category C will be Top 0 of T 0 topological spaces, regarded as a Pos-category via the specialisation order. The ofs pE, Mq on Top 0 has E the class of surjections and M the class of injections that are a homeomorphism onto their image -extremal monomorphisms. It is well known that each topological space has a rank with respect to pE, Mq.
Suppose that the awfs pL, Rq described at the beginning of the section is cofibrantly generated with respect to a cocontinuous awfs pE, Mq on Pos. By Proposition 24, the forgetful functor R-Alg Ñ C 2 creates κ-filtered unions of M-subobjects, for some regular cardinal κ. In particular, if R 1 is the associated fibrant replacement monad, ie the restriction of R to Top 0 {1 -Top 0 , then the forgetful CL -R 1 -Alg Ñ Top 0 creates the said colimits. This is a contradiction, as exhibited by the following example, which, furthermore, together with Proposition 27 shows that the underlying wfs of pL, Rq cannot be cofibrantly generated.
Example 37. In the next few paragraphs, which should be read as a continuation of Example 34, we show that, for each regular cardinal β, there is a β-filtered colimit of continuous lattices that is not created by the forgetful functor CL Ñ Top 0 . We continue with the notations of Example 34.
The way-below relation α ! ν on an ordinal β satisfies: if α P ν P β, then α ! ν. For, if D Ă β verifies ν ď sup D, then α P sup D and there must be a δ P D with α P δ.
It is now easy to verify that successor ordinals are continuous lattices, as they are complete and any α is the supremum of those ordinals γ P α. If µ P ν, the inclusion succpµq Ă succpνq is continuous for the Scott topology, since it preserves suprema. Now suppose that β is a limit ordinal. Then β is a filtered union of subspaces succpµq Ď β, for µ P β. The cocone succpµq ãÑ β exhibits β as a colimit of the succpµq, and we can make this a colimit in Now assume further that β is a regular cardinal, so pβ, ďq is a β-filtered ordered set. By the above paragraph, β is a β-filtered colimit of continuous lattices. But β is not a continuous lattice, as it is not complete: it lacks a top element.
The awfs pL, Rq on Top 0 of this section is the restriction of another on Top, for which we may use the same name; indeed, the whole of [6, §12] deals with the category Top of all topological spaces. The L-coalgebras of this awfs are the continuous maps f : X Ñ Y such that f˚: OpXq Ñ OpY q is a full morphism of posets, where f˚pU q " YtV P OpY q : f´1pV q Ď U u.
Corollary 38. The awfs pL, Rq on Top is not cofibrantly kz-generated, nor cofibrantly generated. Furthermore, its underlying wfs is not cofibrantly generated.
Proof. If the awfs were cofibrantly generated by a cocontinuous awfs on Pord, then the right hand side vertical arrow in the following pullback square would create κ-filtered colimits of subspace embeddings, for some regular cardinal κ.
As a consequence, the forgetful functor on the left hand side would also create κ-filtered colimits of embeddings, contradicting Example 37. Regarding the wfs on Top underlying pL, Rq, its cofibrant objects are the continuous lattices; see [6, §12] for a full explanation. Then, Proposition 27 together with Example 37 show that the wfs cannot be cofibrantly generated.
